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$f”+[k^{2}-2EV(x)+V(x)^{2}]f=0$ $(0 \leq x<\infty, \prime\prime=\frac{d^{2}}{dx}z)$ , (1.1)
$S$ ( [4, 18] ) . , $k$
, $E=(k^{2}+m^{2})^{\frac{1}{2}}$ , $V$ $m$ ( )
, (1.1) Einstein $(E-V)^{2}=(pc)^{2}+(mc^{2})^{2}$
$P$ $p=-i \hslash\frac{d}{dx}$ ( Plank ) .
(1.1) Schr\"odinger
$f”+[k^{2}-U(x)]f=0$ (1.2)
1950 Malchenko , Marchenko
(Marchenko [17], Agranovich-Marchenko [1], Chadan-Sabatier [4], [15]
) Klein-Gordon (1.1) ,
$f”+[k^{2}-(U(x)+2EQ(x))]f=0$ $(0\leq x<\infty)$ . (1.3)
Weiss-Scharf [22], Cornille [5] .
Jaulent-Jean [9], Jaulent $[6, 7]$ .
, (1.2) $m=0$
$f”+[k^{2}-(U(x)+2kQ(x))]f=0$ $(0\leq x<\infty)$ (1.4)
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, , Marchenko Marchenko
Marchenko , $z(x)=2 \int_{x}^{\infty}Q(\eta)d\eta$
, $(Q, U)$
, .
$[11, 12]$ , (1.4)
. 2 . ,
(1.4) $R$
$f”+[k^{2}-(U(x)+2kQ(x))]f=0$ $(-\infty<x<\infty)$ (1.5)
( $(Q,$ $U)$ ) Jaulent-Jean [10]
Sattinger-Szmigielski [20], Kamimura[12] .
, ,
$\frac{\partial}{\partial x}(a(x)\frac{\partial\phi}{\partial x})-b(x)\frac{\partial^{2}\phi}{\partial t^{2}}-c(x)\frac{\partial\phi}{\partial t}=0$ (1.6)
$\phi(x, t)=f(x, k)e^{-ikt}$ } . , $a(x),$ $b(x)>0$
$f(x, k)=\phi(x, t)e^{ikt}$
$(a(x)f’(x, k))’+[k^{2}b(x)+ikc(x)]f(x, k)=0$ (1.7)
, (1.6) $a(x),$ $b(x),$ $c(x)$
. ,
$a(x)^{-1}$ , $b(x)$ , $c(x)$ , $\phi$
. Liouville ,
$f”+[k^{2}-(U(x)+2ikQ(x)]f=0$
. Jaulent [8] , Aktosun-




$v(x)$ $\phi$ , (1.5)








. , Kaup [16] Schr\"odinger
$f”+[k^{2}+m^{2}-(U(x)+2ikQ(x))]f=0$ $(-\infty<x<\infty)$ (1.9)




) . , Fourier
,
.
(1.4) $S$ , $(Q(x), U(x))$ (1.4) ,
$\psi(x, k)=e^{-ikx\exists}-S(k)e^{ikx}+o(1)$ $(xarrow\infty)$ , $\psi(0, k)=0$
$\psi(x, k)$ $S(k)$ :
$S$ : $(Q(x), U(x))\mapsto S(k)$ (2.1)
$S(k)$ (14) . $S$
$\delta$ $S(k)=e^{2i\delta(k)}$ ([4, 18] ). ,
$S(k)\equiv 1$ .
$Q(x),$ $U(x)$
(P1) $Q(x),$ $(1+x)U(x)\in L^{1}(0, \infty)$
, $xarrow\infty$ $f(x, k)\sim e^{ikx}$ $f(x, k)$ ( Jost
) $k$ 1 , $k\neq 0$ –f(x, (1.4)
(Wronskian $W[f(x,$ $k),\overline{f(x,k)}]=-2ik$ ) ,
$\psi(x, k)=\overline{f(x,k)}-S(k)f(x, k)$
. , $\psi(0, k)=0$ , $S(k)$
$S(k)=\overline{\frac{f(0,k)}{f(0,k)}}$ (2.2)
.
Jost Imk $\geq 0$ . .
$f(x, k)=e^{i\int_{l}^{\infty}Q(\eta)d\eta}e^{ikx}+ \int_{x}^{\infty}A(x,t)e^{ikt}dt$ $({\rm Im} k\geq 0)$ . (2.3)
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$A(x, \cdot)\in L^{1}(x, \infty)$ . Jost . , $A(x, t)$
.
(P1) :
(P2) $f(O,0)\neq 0$ , $f(0, k)\neq 0({\rm Im} k>0)$ .
, , ( )
. $f(O, k)$ ,
. ,
:
(P3) $(1+x)Q’(x)\in L^{1}(0, \infty)$ .
$(P1)-(P3)$ $S(k)$ , ,
(S1) $|S(k)|=1$
. , $f(O, 0)\neq 0$ , $S(k)$ $|C|=1$ $C(Q(x)$
$C= \exp\{2i\int_{x}^{\infty}Q(\eta)d\eta\}$ ) $F(t)\in L^{1}(R)$
(S2) $S(k)=C+ \int_{-\infty}^{\infty}F(t)e^{-ikt}dt$
. , (2.2), (2.3) Wiener-Le’vy (
[14, 4 ] ) . , (P2)
ind $f(O, k)$ $:= \frac{1}{2\pi}[\arg f(O, k)]_{-\infty}^{\infty}=0$ (2.4)
,
(S3) ind $S(k)=0$
. , (S2) $F(t)$
$\overline{\Delta(x,t)}+\int_{x}^{\infty}\Delta(x,r)F(r+t)dr+\int_{x}^{\infty}F(r+t)dr=0$ $(x\leq t)$ . (2.5)
. , $(Q(x), U(x))$ $S(k)$
. (2.5) , Riesz-Shauder
Wiener-Hopf , $BC[x, \infty$) ( )
. $\Delta(x,t)$ , $x\geq 0$ $1+\Delta(x, x)\neq 0$ ,
.
(S4) $\exp\{2i[\arg(1+\Delta(x,x))]_{0}^{\infty}\}=C$ .
, (P3) , .
(S5) $(1+t)F’(t)\in L^{1}(0, \infty)$ .
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$(S1)-(S5)$ . , $(P1)-(P3)$
$(Q(x), U(x))$ $\Pi,$ $(S1)-(S5)$ $S(k)$ $\Sigma$
:
$\Pi$ $:=$ { $(Q(x),$ $U(x))|Q(x),$ $U(x)$ $(P1)-(P3)$ $[0,$ $\infty)$ } (2.6)
$\Sigma$ $:=$ {$S(k)|S(k)$ $(S1)-(S5)$ $R$ } (2.7)
1([12]) $S$ $\Pi$ $\Sigma$ 1 1 , (2.5) $\Delta(x, t)$
, :
$Q(x)=- \frac{d}{dx}({\rm Im}\log(1+\Delta(x, x)))$ , (2.8)
$U(x)=( \frac{d}{dx}({\rm Re}\log(1+\Delta(x,x))))^{2}-\frac{\theta}{dx^{2}}({\rm Re}\log(1+\Delta(x, x)))$ , (2.9)
Schr\"odinger (1.2) ( ) (





$\Pi_{0}=\{(Q(x), U(x))\in\Pi|Q(x)=0\}$ , $\Sigma_{0};=\{S(k)\in\Sigma|S(-k)=\overline{S(k)}\}$
.
. $\alpha,$ $\beta$ ${\rm Im}\alpha,\beta>0$
$S(k):= \frac{(k+\alpha)(k+\overline{\beta})}{(k+\overline{\alpha})(k+\beta)}$ $(k\in R)$
. , $S(k)$ $(S1)-(S3)$ (S5) ( $(S2)$ $C$ $C=1$
). , (2.5) (S4) $\beta=c\alpha(c>0)$
([11, \S \S 5]) . , $S(k)\in\Sigma$ $\beta=c\alpha(c>0)$
. $S(k)$ $Q(x),$ $U(x)$ , (2.8) (2.9) ,
( ) . , $S(k)\in\Sigma_{0}$ $\alpha,$ $\beta$
.
1 $B\backslash$ . (2.3) $K(x,t)=$
$- \int_{t}^{\infty}A(x, s)ds$ , $k=0$ $f(x, 0)+K(x, x)=$
$\exp\{i\int_{x}^{\infty}Q(\eta)d\eta\}$
$f(x, k)=f(x, 0)e^{ikx}-ik \int_{x}^{\infty}K(x,t)e^{:kt}dt$ (2.10)
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. , $K(x, t)$
$\overline{K(x,t)}+\int_{x}^{\infty}K(x, r)F(r+t)dr+f(x,0)\int_{x}^{\infty}F(r+t)dr=0$ $(x\leq t)$
. Schr\"odinger (1.2) Marchenko
. (2.5) , $BC[x, \infty$) . ,
$f(x, 0)=0$ $K(x, t)=0$ $A(x, t)=0$ , (2.3)
$f(x, 0)= \exp\{i\int_{x}^{\infty}Q(\eta)d\eta\}$ . $f(x, 0)\neq 0$ . ,
$\Delta(x, t)=f(x, 0)^{-1}K(x, t)$ $(f(x, 0)$ ) (2.5)
. $\Delta(x, t)$ $1+\Delta(x, x)\neq 0$ $(x\geq 0)$ , $Q(x)\in BC[0, \infty)$
, $\Delta(x, t)$ $(Q(x), U(x))$
:
$\frac{2\Delta_{t}(x,x)}{1+\Delta(x,x)}=\int_{x}^{\infty}[U(r)+Q(r)^{2}]dr-iQ(x)$ , $0\leq x<\infty$ , (2.11)
(2.5) $\Delta(x, t)$ , :
(i) $\frac{\Delta_{x}(x,x)-\Delta_{t}(x,x)}{1+\Delta(x,x)}$ .
(ii) $\frac{d}{dx}(\frac{\Delta_{x}(x,x)-\Delta_{t}(x,x)}{1+\Delta(x,x)})=|\frac{\frac{d}{dx}\Delta(x,x)}{1+\Delta(x,x)}|^{2}$ $(x\geq 0)$ .
(2.11) (i)
$Q(x)=-2{\rm Im} \frac{\Delta_{t}(x,x)}{1+\Delta(x,x)}=-{\rm Im}\frac{\frac{d}{d\alpha}\Delta(x,x)}{1+\Delta(x,x)}=-\frac{d}{dx}$ $g(1+\Delta(x,x))$
. (S4) (2.8) . , (2.11) (ii) (2.9)
.
, $S(k)\in\Sigma$ , $Q(x),$ $U(x)$ (2.8), (2.9)
$f(x, k)= \frac{1}{|1+\Delta(x,x)|}(e^{ikx}-ik\int_{x}^{\infty}\Delta(x, t)e^{ikt}dt)$
(1.4) Jost (2.2) .
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